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linear system theory are briefly reviewed. Two types of (coeff ic ientwise) .  Also, given an element k = k z 
The rudimants  of  the module t h e o r e t i c  approach t o  " - t  

in teger   invar ian ts  o f  systems a r e  mentioned: the  reduced in t h e   s e t  AR of scalar  Lawent  series,   one can define 
t=to t 

reachabili ty  indices,   and  the  latency  indices.  The 
reduced   reachabi l i ty   ind ices   a re   re la ted  t o  the  problem an operation Of m;iltiplication 
of reducing a system  through  the  applicatioq  of  causal 
wecompensation. The l a t e n c y   i n d i c e s   a r e   r e l a t e d   t o   t h e  ( 1 . 2 )  ku = tzt +tl [jzt   ktut-j  ] z - ~  
problem of   causa l   fac tor iza t ion   of   me  sys ten   over  0 0  3 
another. 

1 
1 "  %to 1 

(convolution). The impr tance   o f   these   opera t ions  i s  tha t ,  

under them, t h e   s e t  AR forms a field,  and  the  set ARm 

1. INLTTRODUCTION 
forms an n-dimensional   l inear   space  over   this   f ie ld   (a  

AR - l inear   space) .  

In   this   short   note  we wish t o  sununerize s m e  o f  the  
The relevance  of  AR-linearity  to o u r  discussion 

stems  from t h e   f a c t   t h a t  it i s   c l o s e l y   r e l a t e d   t o   t i m e  

invariance.  Indeed,  the  systen C induces a map 

f :  ARm + ARp which assigns t o  each  input  sequence 

u E A R ~  i t s  corresponding  output  sequence y = f u  E A R ~ .  
I f   t h e  map f i s  AR-linear,  then,  in  particular, it 
comutes  with  the  element z E AR , t h a t   i s ,   f z u  = zfu 

basic   features   of  Tne module theoretic  approach t o  l i n e a r  

system  chesry. Our discussion will be  mainly on a des - 
c r ip t ive   l eve l ,  and  proofs w i l l  be  omitted. A more 

detai led  discussion sf the   t op ic s  mentioned below  can 

be  found i n  W E R  and HEYMATS [l98l a and b]. 

Formal  Laurent  series:  Wnsider a d i sc re t e   t i ne   fo r   eve ry  u E AR". Eut, by (1.2), mult ipl icat ion by z 

l inear   t ime-invariant  system C. A t  each i n s t a n t  3f t ime  represents a one  step  t ime  shift  of t h e  sequence t3 the  

e.g., HJ&NER and HEYMAXJ [ lgela ,   sect ion 2]), i f  the  

l i n e a r  system C i s   t i ne   i nva r i an t ,   t hen   t he  map 

where u E 3 f o r   a l l  t, the  index t serves   as   the   f :  ARm + ARp induced b y i t  i s  AR-linear. Summerizing, 

time marker, and where to i s   t h e   f i n i t e  t ime  a t  which we have tha t ,   in  a broad  sense,  AR-linearity i s  equiva- 

the  sequence  "starts".  The s e t  of a l l  such  formal  Laurent  lent  to  t ime  invariance  of  l inear  systems. 

s e r i e s   i s   deno ted  by AR". Each s e r i e s  u = Xu z i n  
ARm can  be  natural ly   divided  into  three  par ts  : t h e  

( s t r i c t )   p a s t   p a r t  u : = t)& ; the   p resent   par t  
uo p uo ; and the   b t r i c t )   fu tu re   pa r t  uF := t& utz . 

t 
m 

-t  
t Rings  and  modules: The s e t  ARm 3f Laurent   ser ies  

P with  coeff ic ients  i n  Rn contains,   as  subsets,   the  set  

R+Rm o f  all (polynomial)  elements  of  the form t$ toUt~-  , 
to 2 0, and t h e   s e t  R-Rm of a l l  bower series)  elements 

addition f o r  every  pair  of  elements u = ' uiz-t , s e t  of  polynomials  with  real  coefficients,  and R-R i s  

i = 1 , E  , by t h e   s e t  o f  all power s e r i e s  i n  z w i t h   r e a l   c o e f f i  

t 
-1 

I n  t h e   s e t  ARm one  can def ine an operation of of t h e  form t& utz . I n   p a r t i c u l a r ,  nf9 is the   u sua l  -t  
i 

t=t& t -1 
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Clearly,  the  AE-linear  s_=ace .".I?' I s  a lso  a f r ee  

:+F.-msdule, and 2-3' Is then z c  :+3.-s.imodi;le of  it. 
Thus, we can c o n s i d e r   t t e  Cuot iezt  .? 3-module 

,4.Rc/2*?,". Fac t   e l enec t   i c   t h i s   quo t l ec :  rzcdule i s  an 

equivalecce class c o f   e l e ren t s  sf A 3 -  which a re  

eqaal   nodulo  their   zolynsTlal   par t .   ZxplIci t l ; - ,  two e;e 

xents u1 = C u z E A,?.' , i = 1,2 , belorg t o  the  sane 

equivalence class c E A ~ ~ ' / Q  3"' if ard only if u+ = x, 
2 1  

f z r  sll t > t (: .e. ,  t h e  s t r l c z l y   f u t u r e  ?ar t s  z f   t he  

sec_uences a r e  identicsl ).  As i n  any siruatior,  icvzlving 
cus t i en t  modules, we can  3efir.e a cansnical   proQesion 

* 

i -t 
t 

_ I  

I i 

'.T-: ."3r + & C y  , 
which ass lgrs   t c '  ever;; elemerr  in P.3.' i t s  equivalerce 

c l a s s   In  hi?'./':. ?..I' . 3)- def in i t icn ,  th:s GroJectisr  i s  
?, - x  

- 
5' C 'E-hzooxcrphise. 

Analzgously, the   ,F-I ixesr  s3ece AX' f o r r s  en 

:.-B-.nodule a s  well, a22 Q-R" I s  a szbmodule of I t .  

The q-lotient .?-E-rnodule A2n/:-F.m i s  then well def i led .  

It cons i s t s  cf equii:-zlecce c lasses  each sf' which  corltaLns 

a l l   those   e le r ren ts  i n  AF.~. whlch  have t h e  Sam  s t r i c t l j r  
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module ( 1 . 2 ) .  When ( x )  holds,  the map f i s  c a l l e d  leading   coef f ic ien ts  $, . ..,in E Rm a r e   l i n e a r l y  inde- 

s t r ic t ly   observable  (HAMMER and H W N N  [1981b]). We pendent  over  the  f ield o f  r e a l  nwnbers R. A b a s i s  con- 

note   tha t  a s t r ic t ly   observable  map i s  necessar i l ly  sisting  of  properly  independent  elements i s  c a l l e d  a 
in jec t ive .   Fur ther ,   l e t t ing  I be  the  ident i ty ,  we proper   basis .  A proper   basis  4,. . . ,dm E AR" i s  ordered 

c l e a r l y  have t h a t  Ker 7'1 = R R . Thus, a s t r i c t l y  i f  ord d i + l z  ord di f o r  dl i = 1,. ..,m1 . 
obsevable  nap f s a t i s f i e s  Ker n'f C Ker 17'1. By Theo- 

r e 3  2 . 2  t h i s   imp l i e s   t ha t   t he re   ex i s t s  a polynomial ma? 

P such t h a t  P f  = I, i . e . ,  a s t r ic t ly   observable  map 

has a p o l y n m i a l   l e f t   i n v e r s e  . As we shov in   the  next  

sect ion,   the   system  theoret ic   s ignif icance  of   s t r ic t ly  - 
observable  systems i s   t h a t   t h e y   a r e  minims1 i n  the  sense 

t h a t   t h e i r  YacMillan  degree  cannot  be  reduced by the  

application  of  causal  precoKpensation  (see Theorem 3.2( i) 

belsw). 

+13 

3eturning now t o  o u r  nodules, we have the  following 

(HANKER and HEYMAJT [1981b]). 

(3.1) T H E O E M .  f :  ARm + ARp be an in j ec t ive   r a t i c -  
n a l  AR-linear nap. Then, 

(i) J& Q'R-rodule Ker n'f has  an  ordered  proper 

b a s i s  dl, . . .,dm ; and 

(ii) if 3,. . . , d; i s  any ordered  proper  basis  of  the 

R'R-modlde Ker n'f, then ord d! = 3rd di f o r  all 

i = l,..., tn. 
In complete  analogy, o:e can also  consider  the R-R- 

Trow, l e t  f: PJ + AI~P  be an i n j e c t i v e   r a t i o n a l  

AR-linear nap, and l e t  dl,. . . ,d  be  an  ordered  pmper 

bas i s   o f  Ker rr-f. Then, the  reduced  reachabili ty  indices 

p1-$%>->. ..?-I o f  f are   def ined  as  pi  : =  -ord d ' 

1,. . . ,m . In view of Theorem 3.1, these   ind ices   a re  

uniquely  determined by f .  The sys t en   t heo re t i c   s ign i f i -  

m 
module Ker n-f. This module cons is t s  3f a l l   t h e   i n p u t  

sequences tha t   l ead  t o  9,utput  sequences which are   zer3 

inthe  past .  Fran the   a lgebraic  p o i n t  of view, t h i s  

module determines  the  solution t o  the  problem o f  causal  

factor izat ion,   as   fol lows (:3AMXZR and H3YLliiiX [198la]) .  

( 2 . 3 )  ME3F;EY. fl,f2: A.Rm + ARP - b 

m 

i' = 

e AR-m cance  of  the  reduced  reachability  indices i s   r e l a t e d   t o  
9:. the   charac te r iza t ion  o f  t h e   s e t  of a l l  dynanics t h a t  can 
( i )  There exists a map h: + such that be  assigned t o  a given f by  applying  causal precompen- 
f = hf if and only i f  Ker 7-f C Ker n-f2 . 
( i i )  There  exis ts  a bicausal  xaE t :  ASp -+ ARp such t h a t  

f = t f l  i f  and only i f  Ker n-f, = Ker n-f,. 

2 1- 1 sat ion.  'Me next  discuss  this  point.   Let 

2 
\+l = F% + G\ 

- 

As we can see ,   t he re   i s  a complete  analogy  between Yk = :'"k 
Theorems 2.2 and 2.3 . be a reachable   rea l iza t ion   of   the  system  represented  by 

f .  As i s  known, the  gjinamical propert ies  of t h e  systerr. 

are  determined by the  pair   of   matr ices  (F,G), which we 

3. KERNELS AVE IKDICES 
c a l l  a semi-realization o f  f .  A semireal izat ion (F,G) 
o f  f i s  canonical if t h e r e   e x i s t s  a matrix €7 such 

t h a t  (F,G,H) represents  a canonica l   rea l iza t ion   of  f .  

F ina l ly ,   the   reachabi l i ty   ind ices  ( o r  Kronecker invari-  

an ts )  o f  a system are   discussed in ROSElTROCK [1970], 
BRUTJOVSKY ;1973], and KALMAN [1971]. We can now s t a t e  

t h e  fol1owir.g (F&ME3 and 3MUITli [19elb]) 

In   the  present   sect ion we l i m i t  3ur  discussion t 3  

the  case o f  i n j e c t i v e  maps ( i .e . ,   t ransfer   matr ices   with 

AR-linearly  independent c3lumn.s). For the  nore  general  

case,  see HAMIER and HEYMANK [l9& a and b] .  

Let f :  !Iim -+ ARp be   ac   i n j ec t ive   r a t iona l  A 3 -  (3 .2)  TH3OREN. f :  hRm + A,Rp be an i n j e c t i v e   l i n e a r  

i /o  map with  reduced  reachabili ty  indices p >. . .tg . 1- 2- lr 
l i n e a r  map. We assign  next  to  each m e  of  the  nodules 

Ker n'f and Ker 7-f a se t   o f   in tegers  which t u r n  out 

t l  have  system theoretic  significance.   Before  doing so, 
we b r i e f l y  review  the  c3ncept  of  proger  bases.  Let 

d = dtz-t  be an element in ARm . The order o f  d 

i s  defined  as  ord d : = men (dt # 0)  i f  d f 0, and 

ord d := m i f  d = 0. When d i s  a pdynomial, the: 

t he   o rde r   i s   j u s t   t he   r i ega t ive  sf the  degree. The lea- 
ding  coeff ic ient  o f  d i s  t h e   f i r s t  nonzero  coef- 

f i c i e n t  i n  the  Lament  series  expansion,  that  i s  d :=  

dord d 
ments 4,. . ., dn E ARm is   properly  independent i f  the  

T'nen, 
(i) F o r  every  nonsingdar  causal  precompensat9r 

t :  AR" + ARm, the   reachabi l i ty   ind ices  A t.. .?A 

of  the  system f t  s a t i s f y  A i ?  pi f o r  a l l  i = 1, . . .  m. 
The las t   condi t ion   ho lds   wi th   equal i ty   for   a l l  i = 1,. . ., 
m i f  and  only i f  f t  is s t r ic t ly   observable .  

(ii) = (F,G) be any reachable   pair   wi th  n reacha- 

~ 1- L- 
i = 1, ..., m, then   there   ex is t s  a nonsingular  causal 
precompensator 1 :  ARM + ARm such t h a t  (F,G) 
canonical  semirealization of the  system f t  , 

1- 2- m 

A b i l i t y   i n d i c e s  e M8,>. . . l e m  . lf ei ? p i   f o r   a l l  

i f  d # 0, and $ := 0 i f  d = 0. A se t   o f   e le -  
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I n  par t ic .dar ,  Theorem 3.2  implies  that   the  reduced 

reachabl l i ty   kd ices   a re   the  m i n i i n a l  r eacha j i l i t y   i nd ices  

obtainable  thrsugh  causalpreconpensation, and t h a t   t h e  

dynamical  order of 2 strictly  observable  system  cannot 

be  further  reduced  through  the  application of  causal  

?recompensation. 

Consider no-d a par t icular   type  of   causal  precompen- 

s a t o r s  - the  feedback  preccmpensatclrs, which are   def ined 

as  follows.  Let r: ARp -+ ARm be  acausal map, and 

a s s m e   t h a t  it i s  connected  as an output  feedback  aromd 

the   sys tec  f :  .?Ern + Ai?' . The r e s u l t i n g  system 

will then  be  given by 
f r  

f = f t  r r' 
where t r  := [I 4 rf1-l i s  a2 equivalent  (bicausal)  

precongensator. ?he following  theorem  states  that  a 

system  car.  be  msxirnally  reduced (i. e.,  transformed ir.C,o 

a s t r ic t l j r   observable   o re)   a l so  by usir.g  causal  clutput 

feedback  albne (HAYJCG? and E 3 U I W  [lgslb]).  

( 3 . 3 )  EEORZM. k t  f :  CF." + AF.F -De an i n j e c t i v e   l i n e a r  

i,'3 ma;l with  re t iuced  reachabi3ty  indices  pl>&. . .$%. 

3 
r: ARC -+ n P m  s m h   t h a t  f r  has   reachabi l i ty   indices  

equal t o  ul,. . . ,p,. 

I n  analogJ- tc   the   case   o f  Ker =f,  o2e can  alscl 

assign a s e t  sf inzegers t s  the  C-%nodule Ker n-f. 

F c r  t h i s  Furpose we need  $he  fsllowing  result (HAI~3EF 

and HEYWGPJ [ 12 ;,la] ) . 
(3 .2 )  3 E O F 3 / .  Let f :  hR' -+ ARp be  an i n j e c t i v e  A3- 

l i n e a r  nap. The]:, 

(i) the R-T;-nodule Ker n-f has  ar. ordered  proper 

b a s i s  5,. , . , d and 

(ii) f d;, . . . d '  i s  eny srdered  prgper  basis o f  

Ker n-f, then 3rd d i  = ord d for a l l  i = 1,. . .,m. 
- .i- 

!x 

i -  

!Tow, l e t   f :  A? -+ ARp be an i n j e c t i v e   l i n e a r   i / o  

nap. We define ;he la tency  indices  U >'J >...%> o f  f 

as  ui : =  -ord di - 1, i = 1,. ..,m . In  view sf Theore.? 

5,k, the  latency  indices  are  uniquely  determined by f. 

The sys ten   theore t ic   s ign i f icance  o? the   l a tency   ind ices  

i s  r e l a t e d  ts the  problem of  causal   factor izat ion  with 

renairders,   whict  i s   s t a t e d   a s   f o l l o w s .  

1-2- - n  

Clausal division:  Let  f lJf2:  ARE -+ ATp b e   r a t i c n a l  

il?.-linear naps.  Find a p a i r  of raLional  naps r: AP? + 

ASp 3nd q: A?? + ARC, where r i s  causal,  such  that 

( 3 . 5 )  f ,  = r f l  4 e 
ard where q has  the  minimal  possible  djrnmical  order. 

The ?roblem of  causal  division  appears as  an under- 

lying  problen i n  a var ie ty   of   control   theoret ic   c i rcuq-  

stances. One such  circumstance is the  problem  of  feedback 

representatLon  of  preconpensators, which i s  s t a t e d  as 
follzws.  Let f :  ARm + ARP be   the   t ransfer   o f  a given 

system,  and s u p p s e   t h a t  one i s  required  to   design 

around f a classical   control   configurat ion of  the 

form 

which t r a n s f o r m  f i n t o  a prescr ibed   t ransfer   na t r ix  

f ' .  I n  ( 3 . 6 ) ,  r: ARp + A #  i s  a causal  cutput  feedback, 

and  v: ARm + hRn i s  a causal  precsmpensatsr. We add 

the  requirement  that  v be  r.onsingular  in  order  to 

prevect   pzssible  l o s s  of  degrees o f  freedsm of  the  

contrcll  variables. Thus, we have t o  f ind  causal  conpen- 

s a t o r s  v and r, where v is nonsin@ar,  such t h a t  

ff = f v [ I  + r f~1- l .  

This  problex can be  solved i n  two s t e p s :   ( i )   c m p u t e  

ar. equivalent  precorpensator t :  A?,' + AXm f a r  which 

f' = fl, and (ii) find  conpensatcrs v and r f o r  

whict 

-1 
t = V[I + r f v ]  . 

As we seep  step ( i )  ca-, be  solved  through  (the d ~ a l  o f )  

Theorex 2.3,  whereas  step (ii) reql i res   the   s s lu t ion   of  

the  equation 

which i s  of t h e   f o x  ( 3 . 5 ) .  

Severa l   o ther   c i rcuxtances  is  which  equation (3 .5 )  

i s  encountered  are  indicated  in DPE and HA'JTUS [1980]. 
The conneetior,  between  the  latency  indices  and  the 

problem o f  csusa l   d iv is ion  sf naps i s  given by the f o l -  

lowing  result , the  prsof clf which i s  given  in  HA1.NL3 and 

kZYMA3N [1?81a,  proof o f  iheorem  7.21.  (The  reference 

a l s o  includes  the  required  explicit   construcrions.  1 

(3.7) TKOFZK. f: A R ~  + A?? be an i n j e c t i v e   l i n e a r  

i /o  sa; with  latency  indices U h >. . .>'J and l e t  

f': /Bm + A?? be a r a t i o n a l  AR-linear nap. There e x i s t s  
1- 2- - m' ~ 

a r a t iona l   causa l  .map r: -t ASp such t h a t  f '  = 

rf - q, where the  remainder q: A?? -+ ARP has  reacha- 

b i l i t y   i n d i c e s  h132->. .._" which s a t i s f y  A i  2 vi 
f s r  a l l  i = I,..., E .  

n 

The bound on the   reachabi l i ty   ind ices  of the  
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remainder q giver. by Theorem 3.7 i s   t i g h t  i n  the  

fouowing  sense:   mere  exis ts  a n;ap f ' :  A R ~  + ARP f o r  

which, in  every  equation of  t h e  form f '  = r f  4 q with 

causal  r, the   reachabi l i ty   hd ices  A A >,..A o f  g 

s a t i s f y  1. > U f3r a l l  i = 1,. . .,m, where u >U >. . . 
1 -  i 1- 2- 

>u a re   the   l a tency   lnd ices   o f  f ( see  HAhXER and 

HEYIUKJ [1981a, Theorem 7.91). 

1- 2- - tr 

--m 
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